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In this paper, we define and study the switching classes of directed graphs. The definition is a 
generalization of both Van Lint and Seidel's switching classes of graphs and Cameron's 
switching classes of tournaments. We actually do it in a general way so that Wells" signed 
switching classes of graphs are special cases. As an application, we obtain a formula for the 
number of H-equivalence classes of matrices of fixed size whose entries are chosen from 
{1, -1,  2, -2  . . . .  , k, -k}.  
1. Introduction 
The theory of switching classes of graphs, which are also phrased two-graphs, 
was first introduced by Van Lint and Seidel [8] in 1966. Since then, it has become 
a fruitful theory and has been related to various areas in Mathematics [6, 7]. In 
his paper [1], Cameron introduced two distinguished cohomology classes as- 
sociated with a group of automorphisms of a switching class on n vertices. One 
application of this approach is a different proof of the formula of Mallows and 
Sloane [5] which counts the number of isomorphism types of switching classes on 
n vertices. The switching classes of tournaments are among the possible 
generalizations discussed in the same paper of Cameron. Using some ideas from 
this paper, Wells [9] studied signed switching classes of graphs. As an application, 
a formula was developed for the number of H-equivalence classes of ( -1 ,  1)- 
matrices of fixed size. 
The purpose of this paper is to define and study the switching classes of 
directed graphs on n vertices. The definition given in Section 2 is a generalization 
of both Van Lint and Seidel's witching classes of graphs [6, 7, 8] and Cameron's 
switching classes of tournaments [1]. We actually define the switching classes of 
directed graphs on a fixed subset Z of pairs of distinct vertices. By this setting, we 
also generalize Wells' signed switching classes of graphs [9]. 
In Section 3, we define the isomorphisms between switching classes of directed 
graphs defined on X. In Theorem 4.3, a formula is given for the number of 
isomorphism types of switching classes of directed graphs defined on X. In 
addition, a criterion (Theorem 5.2) is found for determining whether a switching 
class fixed by an automorphism g of Z actually contains a directed graph fixed by 
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g. This answers a problem of Wells [9, page 201] in our general setting. We also 
derive results analogous to results of Wells [9] which are generalizations of 
theorems of Mallows and Sloane (as expressed by Cameron in [1]). 
Two matrices of the same size are called H-equivalent if one of them can be 
obtained from the other one by permutations of rows and columns, and 
multiplications of rows and columns by -1 .  In Section 6, we sketch a way to 
generalize Theorem 4.3 mentioned above. Then we derive a formula (Theorem 
6.3) for the number e(r, s, k) of H-equivalence classes of matrices of size r by s 
whose entries are chosen from {1, -1,  2, -2 , . . . ,  k, -k}.  The special case when 
k = 1 is a formula in Wells [9]. We mention that e(r, s, k) is a polynomial of 
degree r - s  over rational numbers for fixed r and s and e(1, s, k) = (k +~- 1). 
2. Preliminaries 
The directed graphs (digraph for short) in this paper are finite and have no 
loops. So, a digraph D consists of a finite set V(D) of vertices and a set E(D) of 
ordered pairs (called edges) of distinct elements of V. 
Let V be a finite set, which we shall regard throughout this work as a set of 
vertices. V 2 = {(/,/, 13) • V x V [ u :~ 13}. Let % be a symmetric subset of V2. That is, 
(u, v )•X  implies (v, u)•%. A function o::%---~Z/47/is aid to be alternating if 
a~(u, v )=-a~(v ,  u) for every (u, v)•X- Let %* be the set of all alternating 
functions from X to 7//4Z. It is an abelian group under the pointwise addition. 
We note that V2 is symmetric and the elements of V~' represent all the digraphs 
on V in the following way: if a~ • V~, we say that tr represents he digraph D, 
where V(D) = V and 
(u, v), (v, u) $E(D) if a~(u, v) =0; 
(u, v) • E(D) and (v, u) ~ E(D) if tr(u, v) = 1; 
(u, v), (v, u) • E(D) if re(u, v) = 2. 
We will often refer to the elements of V~ as digraphs, meaning the digraphs 
they represent. Clearly, a~ represents a graph if a~(V~)c_ {0, 2}. Also, tr 
represents a tournament if a~(V~)c_ {1, 3}. The elements of %* are called 
digraphs on X. 
Let V~ be the set of all s" V--* {0, 2} c7//42z. V~ is an abelian group, again 
with the operation of pointwise addition. The elements of V~ represent all 
subsets of V in the following way: s • V~ represents the subset s-1(2) of V. 
For any s • V~', set (6s)(u, v) = s(u) + s(v) for (u, v) • X. Then tSs • X*. This 
construction is useful for introducing the operation of switching on digraphs on %: 
let te • X*, s • V~, and set a~' = c~ + 6s, so that te'(u, v) = oc(u, v) + s(u) + s(v). 
Then tr' is said to be obtained from a~ through switching by s. This switching can 
also be described as follows: change the directions of arcs between s-l(0) and 
s-1(2) and leave unchanged the arcs in s-l(0) and s-~(2). 
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Two digraphs a~ and ~' on X are switching equivalent if o~' = tr + 6s for some 
s • V~. This is an equivalence relation on X* and the equivalence class [re] of a~ is 
termed a switching class of digraphs on X. In case % = V2, [a~] consists of graphs or 
tournaments if tr represents a graph or a tournament, respectively. It is easy to 
prove that the switchings and switching classes defined in the case X = V2 coincide 
with the switchings and switching classes of graphs [6, 7, 8] and the switchings and 
switching classes of tournaments [1] if tr represents a graph or a tournament 
respectively. Finally, we note that if tr(X)~_ {0, 2}, then our switchings and 
switching classes coincide with the signed switchings and signed switching classes 
of a graph studied by Wells [9] recently. His argument uses some cohomological 
machinery. The method of this paper is different from his. For some other recent 
results in this area, please see also [3, 10, 11, 12]. 
3. Automorphisms of switching classes 
Since X is symmetric, we can consider X as the edge set of a graph G(X) with 
vertex set V. For convenience, we simply identify X with G(%). Therefore, the 
connected components of X are the connected components of the graph G(%). An 
automorphism of % is a permutation g on V such that (u, v )eX  implies 
(g(u), g(v)) e %. The group of all automorphisms of X is denoted by Aut(x). 
We fix an automorphism g of X throughout this section, g induces a 
permutation on the set %* of digraphs on X in the following sense: for tre %* and 
(u, v) e X, define aS(u, v) = ot(g(u), g(v)). Similarly, for s e V~', we define 
s g • V~' by sg(u) = s(g(u)) for every u • V. Since (c~ + 6s) g = as + 6(s g) for all 
a~ • %* and all s • V~', g also induces a permutation on the set of all switching 
classes on %. Hence [re] g = [aS]. We say that g is an automorphism of a~ • %* 
(resp. [a~]) or g fixes tr (resp. [~]) if aS = tr (resp. Ire] g = It r]). Clearly, g is an 
automorphism of [re] if and only if o~ = aS + 6s for some s • V~'. 
For later use, we introduce the following notation. For any finite set X, let 
a(X) denote the largest nonnegative integer such that 2 a(~ divides the size #X of 
X. Clearly, #X is odd if and only if a(X) = 1. Iff:X--->7//4Z, define 
j (x) = f(x) (moO 4). 
x~X 
Orbits of g on V and on the set % are called vertex orbits and edge orbits of g, 
respectively. Two vertex orbits are adjacent if some two of their representatives 
are adjacent in G(X). A vertex orbit to is said to be minimal if it is adjacent o no 
vertex orbit to' with a(to ' )<a(to) .  A vertex orbit to is called diagonal if 
# to = 2m is even and (u, gin(u)) • X for some (and hence all) u • to. Now we can 
present he main result of this section. 
Proposition 3.1. Let g be a permutation on V and ol a digraph on X such that, 
tr = as + 6s for some s e V'~. Suppose to and to' are two adjacent vertex orbits of 
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g. Then 
(i) s(o9) = 0 if a(og) > a(o9'); 
(ii) s(og) = s(co') if a(o9) = a(o9'); 
(iii) s(og)= 2a(u, v) if to is diagonal such that #o9 =2m and u ~ o9, v = 
gr"(U). 
Proof. Let 0 be an edge orbit of g then, since o~ = a ~ + 6s, we have 
~(o) = ~(o) + Y, (s(u) + s(~)). 
(u,v)eO 
Hence 
(s(u) + s(v))= 0. 
(u,v)eO 
Suppose (u, v )e  O and m, n are the sizes of the vertex orbits o91, wE of g 
containing u and v, respectively. Then 
[m, n ]~ 
(s(x) + s(Y))= [m" n] s(o91) +- -s (o92) ,  (3.2) 
(x,y)~o m n 
where [m, n] is the least common multiple of m and n. We recall that all 
computations are over Z/4Z and s(V)  ~ {0, 2}. Hence S(Wl) = 0 if a(wl) > a(wz) 
ands(o91)=s(ogz) if a(o91)=a(o92). This proves (i) and (ii). 
Now suppose that the edge orbit O contains (u, v) ~ X such that u = gm(13) and 
v =gin(u) for some positive integer m. Let Ui--gi(u) and vi=gi(v)  for 
0 <~ i ~< m - 1. Then the vertex orbit to containing u is {ui, vi [ 0 <~ i ~< m - 1}. 
m--1 m--1 
Z O[(Ui' 13i) = Z [ocg(ui, 1Ji) 9f. S(Ui ) .~_ S(13i)] 
i=O i=O 
m--1 ] 
[ m--2 ] 
L + u) 
Hence 2a(u, v) = s(o9). This completes the proof of Proposition 3.1. [] 
4. Enumerat ion  o f  switching classes 
Two switching classes [a~], [fl] on • are said to be isomorphic if [fl] = [~]g for 
some g e AutO(). The purpose of this section is to count the number of 
isomorphism types of switching classes on X. Meanwhile, we will also get some 
results for later use. 
Let g be an automorphism of X and s ~ V~. The set of all a~ ~X* with 
= a ~ + 6s is denoted by X(g, s). We say that s is g-good if the following two 
conditions hold: 
(i) s(w) = 0 whenever to is a non-minimal vertex orbit of  g; 
(ii) s(og) = s(og') whenever w and to' are adjacent vertex orbits of g. 
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It follows from this definition and eq. (3.2) that 
( s (x )+s(y ) )=O (4.1) 
(x,y)eO 
if s is g-good and O is an edge orbit of g. By Proposition 3.1 nonempy X(g, s) 
implies that s is g-good. 
Proposition 4.2. Suppose g • Aut(x) and s • V~ and s • V';. I f  s is g-good, then 
#X(g,  s) = 2 ~),  where e(g) is the number of edge orbits of  g. Also, s is g-good if 
and only if X(g, s) is nonempty. 
Proof. It suffices to prove the first assertion. So we assume that s is g-good. 
Elements in X(g, s) are alternating functions ~ of ;C into 7//47/such that o~ and 
a ~ + 6s agree on every edge orbit of g. Two edge orbits O and O' of g are said to 
be conjugate if (u, v )e  O implies (u, v )e  O'. An edge orbit O is said to be 
self-conjugate if it is conjugate to itself. If O and O' are conjugate dge orbits of g 
and t~ e X(g, s), then the restriction of ~ to O' is uniquely determined by the 
restriction of a~ to O. Also, the restriction of a~ to O is uniquely determined by 
tr(Xo, Yo), where (Xo, Yo) is any element in O. Furthermore, if O is self-conjugate 
and (Xo, Yo) e O, then the vertex orbit to containing Xo is diagonal. By Proposition 
3.1(iii), 2a~(xo, Yo)= s(to). In the following, we will construct a~ for every edge 
orbit O explicitly. If O and O' are distinct conjugate edge orbits of g, we will 
define a~ on one of them. If O is self-conjugate, we will prove that m is alternating 
on O. 
Suppose O = {(Xo, Yo), (xl, Yl), • • . ,  (xn-1, Yn-1)} is an edge orbit of g, where 
(xi+l, Yi+R) = (g(xi), g(Yi)) and subscripts are taken modulo n. If (Yo, Xo) ~ O, then 
we assign any one of the four elements of 7//4Z to tr(Xo, Yo). If (Yo, Xo) e O (i.e., 
O is conjugate to itself), then we assign the elements of 7//47/to tr(Xo, Yo) so that 
2t~(Xo, Yo) = s(to), where to is the vertex orbit of g containing Xo. Clearly, in the 
latter case, we have two choices for ct(Xo, Yo). We now define 
i--1 
O[(Xi, Yi) = ~(Xo, YO) ÷ Z (S(Xj) ÷ s(yj)),  1 <~i <~ n -- 1. 
]=0 
We first show that t~ is alternating on O if O is self-conjugate. In this case, n is 
even. Suppose n = 2m. Then Yi = x,,,+i and xi = Ym+i and {xi, Yi [ 1 <~ i <<- m - 1} is 
the vertex orbit of g containing xo. For 0 <~ i ~< m - 1, 
i+m--1 
Ol(y,, Xi) = tg(Xi+m, Yi+m)-" tg(XO, YO) ÷ Z (S(I]) ÷ s(yj)) 
j=O 
ra--1 i--1 
=  (xo, yo) + (s(xj) + styj)) + E (styx) + s(xj)) 
j =o J =o 
i--1 
= 3t~(Xo, Yo) + ~, (s(xj) + s(yi) ) =-t r (x , ,  y,). 
j=0 
Hence tr is alternating on O. 
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We next show that tr and as + 6s agree on the edge orbit O. Clearly, 
tr(xi, y i ) -  oc(xi+x, yi+x)= s(xi) + s(yi)= tSs(xi, Yi) for O<~i <~n - 2. So tr(x/, y/)= 
(as + 6s)(xi, Yi) for 0~ < i ~< n - 2. Also, tr(Xo, Yo) = a~(xn, y,) and, by (4.1), 
n--2 
y . -0 -  cr(x., E (s(xi) + s(yi)) 
j=0 
= S(Xn_l) -~- s(yn_l) .  
This proves that a and a s + 6s agree on O. 
We have proved that for every pair of distinct conjugate dge orbits, there are 
exactly 4 ways to define a on them. Also, for every self-conjugate dge orbit, 
there are exactly 2 ways to define a on it. Therefore #X(g, s )= 2 "~g) if s is 
g-good. [] 
We recall that two vertex orbits are adjacent if some two of their repre- 
sentatives are adjacent in G(X). A vertex orbit to is minimal if it is adjacent o no 
vertex orbit to' with a(to ' )<a(to) .  Consider the graph with vertex set of all 
minimal vertex orbits of g and two of them being adjacent in the above sense. A 
connected component of this graph is called a connected component of minimal 
vertex orbits of g. Now we can state the main result of this section. 
Theorem 4.3. The number of isomorphism types of switching classes of digraphs 
on :t is 
1 ~ 2~)_,,~g)+6~g), 
#Fg~r  
where F is the automorphism group of X, e(g) is the number of edge orbits of g, 
v(g) is the number of vertex orbits of g and 6(g) is the number of connected 
components of minimal vertex orbits of g. 
Proof. By [4], this number equals 
1 E #X(g, s). 
(#r)(#vt) 
s ~ VTz 
By Proposition 4.2, it equals 
1 
(#V) E . (#(g-good s)/#Vt). (4.4) 
geF 
In the following, we will count #(g-good s) l#Vt.  It follows from the first 
condition of g-goodness that s(to) = 0 if s e V~' is g-good and to is a non-minimal 
vertex orbit of g. Hence there are 2 I'*l-x choices of s on this to. By the second 
condition of g-goodness, we get that if {tox, •. •, to.} is a connected components 
of minimal vertex orbits of g, then s(tox) =s(to2) =- ' -  =s(to.)  for every g-good 
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s • V~. Hence, there are 
n.  
2" I I  2#°"-1 
i-----1 
choices of s on to1 O to2 t3- • • t.J to,. Therefore, 
#(g-good s)/#V'~ = 2 ~g)-v~g). 
This completes the proof of Theorem 4.3. [] 
In case Z = V2, all vertex orbits of an automorphism of X are adjacent. Hence 
there exists exactly one connected component of minimal vertex orbits for any 
automorphism of X. The next result is a consequence of this fact and Theorem 
4.3. 
Theorem 4.5. The number of isomorphism types of switching classes of digraphs 
with vertex set V is 
1 
• g~S.  
where n = #V,  S, is the symmetric group on V, and e(g) and v(g) are the numbers 
of edge orbits and vertex orbits of g, respectively. 
5. Fixed property of automorphisms 
If g is an automorphism of a digraph t~ on X, then g is also an automorphism of
[tr]. In this section, we will give a necessary and sufficient condition that an 
automorphism of [tr] fixes some digraphs in [t~] (See Theorem 5.2). This answers 
a problem of Wells [9] in a more general context. We then show that an 
appropriate analogue of the Mallows-Sloane Theorem holds (see Theorem 5.3). 
Lemma 5.1. Suppose s, s' ~ V~. Then 6s = 6s' if and only if s - s' is constant on 
every connected component of X. 
Proof. 6s = 0 if and only if s(u) = s(v) for all (u, v) • X- The lemma is an easy 
consequence of this fact• [] 
Theorem 5.2. Let g be an automorphism of [tr], where o: • X*. Then g fixes some 
digraphs in [ct] if and only if there exists  • V~ such that te = a z + 6s and s(to) = 0 
for every vertex orbit to of  g. 
PmoL We first assume that there exists s • V~ such that , = ~ + 6s and 
s(to) = 0 for every vertex orbit to of g. For each vertex orbit to = {xl, • • •, xq} of 
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(g) on V, where Xi÷ 1 = g(xi) and subscripts are taken modulo q, let 
t=s(x l )+. . .+s(x i _~)e7/ /4Z ,  2~i<~q+ l. 
Now, t (x i+O- t (x i )=s(x i )  for 2<~i<~q+ 1, but also (for i=  1) t (x2) - t (x l )=  
t (x2)  --  t(Xq+l) -" S (X l )  - -0 - "  S(X1), since t(Xq+l) = S( to )  = 0 by hypothesis. Thus 
s(xi) = t(xi+O - t(xi) for all i, i.e., s(xi) = t(g(xi)) - t(xi), so s = t s - t. Therefore, 
(oc -  6t) g = as - 6t g 
= o~ + 6s - 6t g 
g) 
=te-6t .  
Hence g fixes a~ - 6t ~ [a~]. 
We now assume that f ig= fl for some /3 e [~]. Hence /3 = tr + 6t for some 
t e V~. Since g is an automorphism of [a~], tr = a s + 6s for some s e V~'. By 
Lemma 5.1, we may replace s by s' e V~ if s - s' is constant on every connected 
component of X. The right choice of s will be given later. 
o~ + 6t =/3 = fig 
= (ol + 6t) g 
= as  + 6( t , )  
= (re + 6s) + 6t g. 
Hence 6(s + t + t g) = 0. By Lemma 5.1, s + t + t s is constant on every connected 
component of X- g induces an action on the set of all connected components of X. 
Let {W1, . . . ,  Wq} be an orbit of this action such that W~+I = g(W~), where the 
subscripts are taken modulo q. Choose an arbitrary element w/of W~. s + t + t s is 
constant on W~. If necessary, we may change s by s + 2 on Wq so that 
q 
(s + t + t,)(w,) = 0. 
i= l  
For any u e W, let to be a vertex orbit of g containing u. Then (s + t + tg)(aO is a 
multiple of the above term. Since t(to) = tg(to), we get 
O= (s + t + tg)(to) 
= s(to) +t(to) +t'(to) 
This completes the proof of the theorem. [] 
We say that an automorphism g of X has the f ixed digraph property when every 
switching class on X fixed by g (there may not be any non-trivial ones) contains a 
fixed digraph. X itself is said to have the fixed digraph property if every 
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automorphism of  G(Z) has the property. Recall that a vertex orbit to of g is 
minimal if it is adjacent o no vertex orbit to' with a(to') < a(to). 
Theorem 5.3. Let g be an automorphism of Z. Then g has the fixed digraph 
property if and only if the following two conditions hold: 
(i) if to is a minimal vertex orbit of g and W is a connected component of Z such 
that o9 N W ~ t~, then a(to fq W) = 1; 
(ii) if to1 and to2 are two distinct minimal vertex orbits of g and W is a connected 
component of Z such that a(tol fq W) = a(to2 fq W) = 1, then tol and to2 are 
adjacent. 
Proof. We first assume that to and W are as given in (i) but a(to N W) > 1. We 
can choose a g-good s e V~ such that s(to) = 2. By Proposition 4.2, there exists 
E Z* such that a~ = a ~ + 6s. Let { W1 = W, WE, • • •, W, } be the orbit of g on the 
set of connected components of Z. Then a(to N W~) = a(to U W) > 1 for all i. It is 
easy to check that s'(to) = 2 for all s' e V~ with 6s = 6s'. By Theorem 5.2, g fixes 
[a~] but fixes no digraph in [a~]. 
Now we assume that to1, tO E and W are as given in (ii) but tO~ and tOe are 
nonadjacent. We can choose a g-good s E V~ such that s(tO~) = 2 and s(tO2) = 0. 
Again, by Proposition 4.2, there exists a~ • Z* such that a~ = a~ g+ 6s. As in the 
last paragraph we prove that one ofs'(tOl) and s'(to2) is nonzero for every s' • V~ 
with 6s = 6s'. Hence g does not have the fixed digraph property in this case by 
Theorem 5.2. 
Conversely, assume that (i) and (ii) of the theorem hold. Suppose that g fixes 
[a~] with a~ • Z*- Then a~ = a~ g+ 6s for some s • V~'. Hence s' • V~ is g-good if 
6s' = 6s by Proposition 4.2. Therefore s(to) = 0 if to is a non-minimal orbit of g. 
Now, let to be a minimal orbit of g. By (i), a(to N W) = 1 if W is a connected 
component of Z having nonemtpy intersection with to. If s(tO) = 2, then we can 
replace s by s + 2 on one such connected component W so that s(tO) = 0. If to' is 
another minimal vertex orbit of g having nonempty intersection with W, then to 
and to' are adjacent. By the g-goodness of s, s(to ' )= 0. By Theorem 5.2, g fixes 
some digraph in [a~]. [] 
The next two results are special cases of the above theorem. 
Theorem 5.4. Let g be an automorphism of a connected Z. Then g has the fixed 
digraph property if and only if all minimal vertex orbits have odd length and any 
two distinct minimal vertex orbits are adjacent. 
Theorem 5.5. An automorphism of V2 has the fixed digraph property if and only if 
it has an odd vertex orbit. Furthermore, V2 has the fixed digraph property if and 
only if # V is odd. 
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As an application of Theorem 5.4, we characterize the automorphisms with 
fixed digraph property when X is a bipartite graph. 
Theorem 5.6. Let X be a bipartite graph on V. Then an automorphism g of X has 
the fixed digraph property if and only if g fixes both vertex parts of X and g has 
exactly one odd vertex orbit in one part and has at most one odd vertex orbit in 
another. 
Proof. Suppose that g has the fixed digraph property. If g interchanges the two 
parts of X, then every vertex orbit has even length. By Theorem 5.4, g does not 
have the fixed digraph property, a contradiction. Hence g fixes the two parts of X. 
Again, by Theorem 5.4, g has an odd vertex orbit and distinct odd vertex orbits 
are adjacent. Hence the part of X contains an odd vertex orbit of g has exactly 
one odd vertex orbit. The theorem follows from this readily. [] 
6. A generalization and applications 
In this section we will first sketch a way to generalize Theorem 4.3. Then we 
will use the result to obtain the enumeration of H-equivalence classes of matrices 
over {+1, +2m, . . . ,  +k}. We recall that two matrices A and B are H-equivalent 
if A can be obtained from B by permutations of rows and columns, and 
multiplications of rows and columns by -1. This is a straightforward extension of 
the concept of H-equivalence used in the study of Hadamard matrices. The case 
k = 1 has been studied by Wells [9] recently. 
Let k be a positive integer. In our generalization, we will replace Z/4Z by 
7//(2k)7/. In other words, all computations are modulo 2k. Hence X* is the set of 
all alternating functions from X to 7//(2k)Z. V~ is the set of all functions 
s:V---> {0, k} ~ Z/(2k)Z. As we did in Section 2, we define, for any s e V~, 
(dis) e X* such that (dis)(u, v )=s(u)+ s(v) for (u, v )e  X. Two elements a~, a~'e 
X* are switching equivalent if t r '=  tr + dis for some s e V~. We also have the 
notion of switching classes, automorphisms of switching classes, etc. 
It is easy to check that all results in Section 3 are still correct. But, according to 
Proposition 3.1(iii), we need to change the definition of g-goodness slightly when 
k is odd. In this case, we say that s e V~ is g-good if it satisfies one more 
condition: 
(iii) s(to) = 0 if to is a diagonal vertex orbit of g. 
The next result is a straightforward generalization of Proposition 4.2. 
Proposition 6.1. Suppose g e Aut(x) and s e V~. If s is g-good, then #X(g,  s) = 
2~-~t~)k ~t~, where e(g) is the number of edge orbits of g and t~(g) is the number 
of pairs of distinct conjugate dge orbits of g. Also, s is g-good if and only if 
X(g, s) is nonempty. 
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Sketch of Proof. We note that all argument except the last paragraph in the 
oroof of Proposition 4.2 are still correct. The last paragraph should be modified 
as follows. For every pair of distinct conjugate dge orbits, there are exactly 2k 
ways to define a~ on them. Also, for every self-conjugate dge orbit, there are 
exactly 2 ways to definite te on it. The proposition follows from these two 
observations. [] 
In case k is even, we can replace 2 a~) in eq. (4.4) by 2"<g)-~'(g)k ~'(g) and get the 
following result. 
Theorem 6.2. Suppose k is even. Then the number of isomorphism types of 
switching classes in I* is 
1 ~ 2~(g)+~<g)_v(g)_~(g)k~0~) ' 
#Fg~r 
where F, e(g), 6(g), v(g) and It(g) are defined in Theorem 4.3 and Proposition 
6.1. 
Following Wells [9], we say that a connected component of minimal vertex 
orbits of g is defective if all vertex orbits in it are not diagonal. 
Theorem 6.3. Suppose k is odd. Then the number of isomorphism types of 
switching classes in X* is 
1 S'  2~(g)-v(g)+d(g)-~(g)k ~0~) 
# 
where F, e(g), v(g), l~(g) are defined in Theorem 4.3 and Proposition 6.1 and 
d(g) is the number of defective connected components of minimal vertex orbits 
ofg. 
Proof. As in the proof of Theorem 4.3, this number equals 
I ~ 2~(g)_~,(8)k.(8) " (#(g-goods)/#V~). 
#Fg~r 
To compute #(g-good s)/#V'(, we note that s(to) = 0 if s e V~' is g-good and to is 
a non-minimal vertex orbit of g or to is diagonal. Hence, there are 2 '~'°-1 choices 
of s on this to. Also, by the second and third conditions of g-goodness, we get 
that if { to 1, • • •, ton } is a defective connected component of minimal vertex orbits 
of g, then s(tol) =" "" = S(ton) for every g-good s e V~. Hence, there are 
n 
2" 1-I 2'~'°'-1 
i=1  
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choices of s on to~ LI (0 2 LJ. • • LJ ton" Therefore, 
#(g-good s)/#V'~ = 2 ae)-v~). 
This completes the proof of Theorem 6.3. [:3 
When k = 1, we get Theorem 2.2 of [9]. We note that e'(g) = e(g) - l~(g) is the 
number of orbits of g on the set of unordered pairs in X. This is the number e(g) 
in [9, Theorem 2.2]. 
In the rest of this section, we assume that X is a complete bipartite graph with 
bipartion V = (V~, V2). Suppose V1 = {vl, V2, - . . ,  Vr}  and V 2 "-" {Wl ,  W2,  • . • , Ws}.  
Let g be an automorphism of g which fixes both vertex parts V1 and V2. Then 
#(g) = e'(g) and there are no diagonal vertex orbits of g. Hence d(g)= 6(g). 
Wells [9, Lemma 2.3(ii)] determines this number. 
Lemma 6.4 ([9]). Let ai be the minimum value of a(to) for vertex orbits to 
contained in Vii, i= 1, 2. I f  al = a2, then d(g)= 1. Otherwise without loss of 
generality assume al < a2. Then d(g) is the number of vertex orbits to in V1 such 
that a(to) < a2. 
If A = (ao) is any r by s matrix over {+1, +2, . . . ,  -l-k}, then there is an 
element tr of X* which can be obtained from A:tr(vi, ~)= a#. Clearly this 
establishes a one-to-one correspondence between X* and the set of all r by s 
matrices over {-l-1, +2, . . . ,  +k}. Following the argument in [9], we get the next 
result. 
Theorem 6.5. The number e(r, s, k) of H-equivalence classes of r by s matrices 
over (±1, +2, . . . ,  +k) is 
1 
e(r, s, k) - r! s! ~'~ 2~'tg)-vt~)+dt~).k~'tg), 
where S, x Ss is viewed as a group of automorphism of the complete bipartite graph 
K,,s, e'(g) is the number of orbits of g on unordered edges, v(g) is the number of 
orbits on vertices, and d(oO is given in Lemma 6.4. 
Suppose g = (a, b) ~ Sr x Ss and al, a2,  . • • , ap and bl, b2,  • • • , b¢ are the sizes 
of orbits of a and b, respectively. Then 
v (g)= ~ g.c.d.(ai, bj). 
l~i~p 
In the appendix, we list some e(r, s, k). 
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Appendix  
e(1, s,k)=( k+s-S 1) ,  
e(2, 2, k)  = ½(k 4 + 3k2), 
e(2, 3, k) = -~(2k 6+ 3k 4 + 5k 3 + k 2 + k),  
e(2, 4, k)  = -~(k a + 3k 6 + 9k 4 + 5k2), 
e(2, 5, k) = -~(4k 1° + 20k 8 + 35k 6 + 39k 5 + 25k 4 + 45k 3 + 6k 2 + 6k),  
e(2, 6, k)  = 1(4k~2 + 30k ~° + 85k 8 + 214k 6 + 281k 4 + 106k2), 
e(3, 3, k) = ~(4k 9 + 6k 6 + 9k 5 + 5k 3 + 3k2), 
e(3, 4, k) = 7&22(18k 12 + 48k 9 + 12k 8 + 72k 7 + 76k 6 + 57k 4 + 54k 3 
+ 3k 2 + 6k),  
e(3, 5, k)  = 3--~(128k 15 + 320k ~2 + 24k 1° + 5020k 9 + 360k 8 + 220k 6 + 381k 5 
+ 90k 4 + 27k 3 + 66k 2 + 24k),  
e(4, 4, k)  = ~8(16k ~6 + 24k ~2 + 36k ~° + 61k 8 + 28k 6 + 45k 4 + 6k2). 
Table 1. Known values of e(r, s, 2) 
r \s  1 2 3 4 5 6 7 
1 2 3 4 5 6 7 8 
2 14 37 102 225 486 936 
3 308 2419 16 434 99 214 106 113 
4 66 772 166 724 
Note: l <- r <~ s <~ 7. 
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